


p Science (IJAERS) 
Peer-Reviewed Journal 





International Journal of Advanced 
Engineering Research and Science 





International Journal of Advanced Engineering Research and 


ISSN: 2349-6495(P) | 2456-1908(0) 
Vol-8, Issue-10; Oct, 2021 


Journal Home Page Available: https://ijaers.com/ 
Article DOI: https://dx.doi.org/10.22161/ijaers.810.32 














Boundary value problems of fractional differential 
equations with nonlocal and integral boundary conditions 


John Fiifi Essel, Lingling Zhang*, Emmanuel Addai 


Department of Mathematics, Taiyuan University of Technology, 030024, TaiYuan, Shanxi, China 


Received: 29 Jul 2021, 

Received in revised form: 07 Oct 2021, 
Accepted: 13 Oct 2021, 

Available online: 28 Oct 2021 


©2021 The Author(s). Published by AI 
Publication. This is an open access article 
under the CC BY license 
(https://creativecommons.org/licenses/by/4.0/). study. 





Keywords— boundary value problems, 
existence and uniqueness, fixed point 
theorems, fractional differential equations, 
nonlocal-integral boundary conditions. 





I. INTRODUCTION 


The concept of fractional differentials and integrals date as 
far back as the middle of the nineteenth century by the 
works of some mathematicians such as Liouville, 
L’Hospital and Riemann. A century later, engineers and 
physicists found considerable applications to the concept 
in their respective fields of interest such as physics, 
identification of signals and processing of images, 
aerodynamics, blood flow phenomena and many other 
relevant fields of study[11,13]. Over the years, numerous 
concepts of fractional derivatives have been established 
such as the Riemann-Liouville and the Caputo derivative 
coupled with an extensive and significant advancements in 
the analysis of the solutions of FDEs, specifically of 
higher-order differentials with boundary restrictions. 


The importance and applicability of fractional differential 
equations keep increasing extensively over the years due to 
its accuracy and objectiveness in describing nonlinear and 
or natural phenomenon such as stochastic and diffusion 
models, hydrology processes and finance. Lately, the 
advancement of fractional derivatives has not only 
portrayed in-depth research backgrounds but also a vast 
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Abstract— The boundary value problems of fractional differential 
equations involving Caputo derivatives are examined in this article. The 
ultimate goal of our study is to institute the existence and uniqueness 
properties for our boundary problems with nonlocal and integral boundary 
conditions by applying the Banach and the Schaefer’s theorems of fixed 
point. We finally discuss two applicable questions to enhance the 
comprehension of our outcomes and conclude by summarizing our results 
and giving vital suggestions for further research works in relation to our 


application to real life situations. The analysis of the 
multiplicity, uniqueness and existence of solutions and 
positive solutions of boundary value problems via the 
application of nonlinear techniques such as the theory of 
fixed points, the Leray-Schauder theorem, the technique of 
Upper and Lower solution among others has garnered 
much attention from researchers[3-13]. 


Benchohra et al[5], investigated the boundary problems of 
the FDE below; 


Dyl) = f(t,y@Œ)), tes =(0,7T], «e (4,2]. 
yO)=9), yT)=yr 


where Dj+ is a Caputo’s differential, f:[0,T] x R^ R 
andg: c(J, R) > R are continuous functions and y; € R. 


Cabada and Wang [6], examined the positive solutions of 
the FDE below with integral boundary conditions; 


«D*u(t) + f(tu(t) 2-0 O<t<1 


u(0) = u"(0) = 0, u(1) = a [uas 
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where a € (2,3),4 € (0,2), D* is a Caputo fractional Yan et al.[18], investigated the boundary value problems 
differential, order a and f:[0,1] x [0,00] > [0,0) is a with integral conditions for the fractional differential 
continuous function. equation; 


CDE x(t) = f(t,x(t)), t€[0,T], n-1««x2, 
x(0)=y(x), ff, x(t)dt =m 


T 
x(0) 2 yG), x(T) = f, g(s)x(s)ds 
in which*Do* is a Caputo's differential, f: [0, T] x R > R,y: C?([0, T], R) > R and g:[0, T] > R are C? continuous function 
and m ER. 
Inspired by the aforementioned articles, we examine the solutions of the FDE below involving Caputo derivatives; ; 
CDY u(t) = g(t,u(t), cD u(t)) =0, te[0,7], y e(n—1,n] where (n 2 2) 

subject to the nonlocal and integral boundary conditions; 

ko = u(u), fj u(Odt = p 

ko =n(u), u(t) =U, (1.1) 
Where CDY, and eo. are the Caputo fractional order differentials of y and ô respectively, g: [0,t] xR XR >R is a 
continuous function, 6 € (0, 1) for all 6, p, U, € R. 


As follows, we arrange the rest of the document. We stipulate our definitions and lemmas in section 2 to aid establish our 
main objectives. In section 3, by using the Banach and Schaefer's theorems of fixed points, we define some requirements for 
the existence of problem (1.1). Two examples to explain our key findings are discussed at the end. 


II. PRELIMINARIES 


To commence the section, we stipulate some definitions and notations utilized in our study and proceed to prove our 
supporting lemmas before stating our key findings. 


Definition 2.1([11]) The Caputo fractional differential of order a for a continuous function f(t) is defined by; 
"Dj f () = a fo (t s)"-*-! f 9? (s)ds, 


where n = [a] + 1, [a] connotes the integer of x and T is the gamma function. 


1 
T'(n-a) 





Definition 2.2((18]). If f € (0,oo)is a continuous function, the Riemann-Liuoville fractional integral of ordera > 0 is 
defined as; 


1 pt f(s) 
lft) = Ta Jo era 85 





where T is the gamma function. 

Definition 2.3([19]). The gamma function, I (+) is defined by, 
r(x) = f et tdt, 

where [a] is the integer of x and T(x +1) =% r(x). 

Lemma 2.1([11]). If x > 0, the FDE Do«h(t) = 0 has the solution h(t) = ko + kıt + kot? + © + k, 4t" 5, k; ER, 

i — 0,1, ...,n — 1. 

Lemma 2.2 ([19]). If « > 0, then Ij« Do«h(t) = h(t) + ko + kıt + kzt? ++ + ky 4t" * for any k; € R, 

i 20,1, ...,n — 1, n 2 [«] 4 1. 

Lemma 2.3. Let y € (1, 2] and q(t) € c?[0, t]. Then a function u satisfies the BVP; 

nr -qG)  t€ [0,7] 


é (2.1) 
uu) = ko, J, «(tdt = p 
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Iff u satisfies the fractional integral equation; 


u(t) = sali (t — S)" *q(s)ds + (1— Duu) +3 





J, (- Sq(s)ds. (2.2) 


^ PTH) 
Proof: From lemma 2.2 with the boundary conditions (u) = kọ and f 5 u(t)dt — p, then; 


u(t) = I! q(t) + ko + kit where ky, k, € R, 





u(t) = m A (t — s)¥~1q(s)ds + kọ + kt 
f di e-s ! q(s)ds + fj kodt + fy kıt dt 
arem (t — s)Yq(s)ds + 2kọt + t?k,; 
ky = 2 - Zu) — apre lot — 5) a(5)ds 
Hence; 
u(t) = Fo fot - S'*q()ds + (1 - Suu) + St- zc c fo - s)'a(s)ds. 


Prove is completed. 

Lemma 2.4 Let y € (1,2] and q: [0, t]  R be continuous. Then u satisfies the fractional integral equation; 

u(t) = sali (t — S)" *q(s)ds + (1— Suu) to =U, — (ems) aes (2.3) 

Iff u satisfies BVP (2.4); 
*D'.u(t) = q(s), t € [0,7] 
u(u) = ko, u(t) = Ur 


Proof: From lemma 2.2 and the boundary conditions (u) = ko, u(t) = U, then; 





ua 


Q.4) 


u(t) = I". q(t) + ko +k,t for some ky, k, € R, 
u(t) = xh (t — s)¥~1q(s)ds + ko + kit 
this implies that; 


u(t) = sch (x — s)¥~1q(s)ds + ko + kt 


U, = sd (t — s)Y !q(s)ds + u(u) + kx 
ky = - TH) 7 ac fo — 5)” q()ds 
Hence, 


u(t) = —— f (t — s)Y^1q(s)ds — 


ro) 








mM (x — s)Y 1 q(s)ds + (1 — Suu) +- -U, 


Prove is completed. 


III. MAIN RESULTS 
Now we find appropriate to establish our main findings. 
Theorem 3.1 Suppose; 
(A1). A non-negative constant L exists and satisfies; 
|g (t, u1, vi) — g(t, Uz,V2)| < Lu, — ug] + |v; — v21) for any t € [0, t] V ui, v; € R. 
(A5) A non-negative constant L4 exists and satisfies; 


Iu(t,u) — u(t, v)| < L,|u—v|,Vt €[0,t] and u,v ER. 
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T LARES 


T(2-8) I ry) PO 











(A4) If ọ = max(( JL L, ans idm. 


TA Tomo 
Then the BVP (2.1) has a unique solution. 

Proof: We convert BVP (2.1) to a problem with fixed point by considering the 
operator P : U > U, where U € C([0, 1], R) defined by; 


2t 


P(u)(t) = codi (t — sS)" *g(s, u(s), “Dp, u(s))ds — reser ta (x — s) g(s, us), Di, u(s))ds 


2t 2 

+(1-—)p(u) tt (2.5) 
Obviously, P has fixed points which satisfies problem (2.1). Now, from (44) we show 
that P has a fixed point and hence maps onto itself. 


Let u,,u5 € u, then; 


IP(ur)(t) - P(u2)(| € zh (t — S)" |gGs us (s), Dus (8)) — G(s, (S), Do us (5) |ds 


"ross €» (s, u (S), «D$ u4(5)) — g(s, u C), "D$ us (s))ds| 
zT(y-1)J, GIS, US), Po U4 GIS, U4LS), Lou» 


-[1- S uu) - aua. (2.6) 
From (4,4), it implies that; 
lg (S, uy S), Dis us (s)) — gG us GS), "Dun S))| S Lui (8) — uz (S)I + |“D§,21(s)) — *Dàs uz (8))] 


< L(llu, — ull + | D$. us z DÊ ,u|| 


< 2L|[u; — ujll. (2.7) 
And from (A3), 
Iu Q4) — u(u)] S Lillu, — usll. (2.8) 
Therefore from (2.6), 
IPQu)(t) = P (Ua) (1 € > fot = s)7ds. 2Ulu; — jl. + [1 — |. Llu — ual. 


ro) 


2t T 
M — sy = 
TS f, Œ — s)'ds.2L|[u, — ull. 





IIP (u1) - PQu)II < .2L|[u4 — us], + Lillu; — us]. + TY. 2L|[u, — ual. 


TI MUTO 
2LtY jane 

T(y+1) tiD 
TY 

rey + eS 








St 


). Ilu; — ual. + L4 llu; — uzll. 





< [C 22L + Llio — ull. 
Again from (2.5); 

(Pu)'(t) = 
Then; 


I(Pu;)'(t) - (Pu (| < 


2 


zs holt- "^86 uC), "D$.u())ds -u +F — = ho ©- 5)" g(s uG), Dd, u(s)ds 





zoo de - s)? |gG, ui), Dd us (S) — g(s,u2(s), "Dus GS))|ds 


+ aer t - s)” |gG ui), Dj. us (5) — g(s, uo (s), Do us (5) |ds 


uu) — u(u2)| 
From (2.7) and (2.8), 





(Cu) () — (Pu (O) s £— 2L — uzl + Lll — well. + 2 


- =. 2Lllu, — ull 


COEUR 
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tY-1 
ry) P 








€ [C obedit. lu; — ull. 
But; 


«Dj, (Pu) (t) = zs fo (t — s) ds. (Pu) (t) 





1 gô : 
~ Ta-8) qo (Pu) (t) 


- icum (Pu)'(t) 








Therefore; 
t 2 ; ; 
|D} (Pu) (E = “Doe (Pua Ol S zs; fo = 8) ds Pu) (s) - Pury’) 
EI 2L+L 
~ r(2-8) Ur * SD) + L]lu; — ugll. 
Hence, 


Pu, — Pu;ll, = max(lP Qu) — PCu;)IL, [| “D5. (Pu) (€) — DÈ PUV WO < ellus — vell. 


8(10)-2021 


Hence, P with ọ < 1 contracts. Therefore as a result of the contraction principle, we infer that P has a fixed point which is 


unique and satisfies (2.1). Consequently, the proof is completed. 

Theorem 3.2 Suppose g : [0,t] Xx RX R Rand up: C([0,1], R) > R are continuous functions and satisfy; 
(B1) |g(t,u,v)| € k for any t €[0,t] Vu v ER, 

(Bz) |u(t,u) — u(t,v)| € klu — v| for any t E€ [0,t] Vu v € R. 

(Bs) |u(u)l < k, v u € C([0, c], R). 

where k and k, are positive constants, then BVP (2.1) has a solution. 


Proof: To ascertain our results, we use the Schaefer's fixed point theorem. We divide the proof into four parts for 
and clarity. 


Step 1: Firstly, we establish the continuity of P. 


Let u, € C([0, T], R) be a sequence such that u,  u. Then V t € [0, x], we derive; 


PCun)(t) — P(u)(t) Ec (t — s)! |g (s, us (S), “Drun 5)) — g(s,u(s), Dou (s))|ds 


2 
tx ho - 5 lg uals), “Drun (8)) — g(s,u(s), Dd u(s))|ds 
*lu(us) — u(u)| 
From (B4) and (B5); 
|g (t, us t), “DÊ us (£)) — g(t, u(t), *Do.u(t))| € k(llus CS) — uC)Il + 
|^D$. us (S) — ‘DuC |h 
< k(lu; — ull + || Do us — *Dó«u|D 
< 2k|[u, — ull. 
and 
lli (us) — ulul < kallun — ull 
Therefore, 


IP(u)(t) -PWO S coa (t — s)! ds.2kl[us — ull. + Kk; llus — ull + 





fa- s)’ds.2k|lu, — ull. 


endo 


also, 


[EDEP Un) — "DB. PG (| < zz holt -SVEIP Un) (s) - (Pu) G)Ids 
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Since the functions f and y are continuous, it implies that ||P (un) — P(u)l| ^ 0 and | DÀ, P(u;) — “Dé, P(w)|| > 0as n > 


oo, Therefore P is continuous. 


Step 2: Now we prove the boundedness of P. 
By (B1) and (B4) from (2.5) for any t € [0, 1], we derive; 


IPQ) (O1 € fo - slg Cs, uls), "DB uCS))|ds + 2101 + 21ol + zA fr — 5'lgG,uG), "DB uGS) ds 


= y-i Y 
e (t — s)Y^!ds + 2k, += = |p| beh (t — s)'ds 
k 2k Yt 
< —.T 4L. — + 2k, += 
wQU v r+ “lel 
k _ 2k — 
HEN Y 
Sm f Rt + 2k, +£ = pl 


and, 


IPC D$. ut))| = [D$ PG G)| S za; ho 7 5) 54s. C G)I 


k 2k 
e t Y 
~ T(2-8) Urt F r(y+2) 





.TY + 2k, += “|p| 


Thus, P is evenly bounded. 

Step 3: Next we establish that P is completely continuous. 
Let t4, t; € (0,T] where t4 < ty, then; 

IP(u)(tz) - PQ)(&)] = 


ty 


Ir , Mem sy — (t, — s)'1]g(s, us), “Dg, u(s)) ds 


" ral “lt — s)’~1g(s,u(s), "D$, u(s)) ds 
rO) Je, Eee tot 





2(t2-t4) 2(t2—t4) 2(t2-t4) pT 5 
+E ug] + 26279 gg + FB PG — 8)" (gC, uls), Dd uS) |ds 


k 
L — ej) — —oyy-1 NU — ey-i1 
Sak [(t? — s) (t4 — s) jas Ir "t, — g)Y-1ds + 
2k 
bM 


M(t, — 6$) + 25 (t5 — 6) 


s)'ds. (t; — ty) 


2kiY* 
(t, t) + FE (ty ty) 





—E -[(t?— t) + tf - tf] + -t) ZZ (t - ty) (2.9) 





< em 1) T(y m 


From (2.9), it can be easily seen that as t4 > t5, the RHS tends to zero. Together with the Arzela - Ascoli theorem and the 
preceding steps, we conclude that P is completely continuous. 


Step 4: Finally, we assume P maps onto itself, such that the set b = fu € E: u = APu for any A € (0, 1)} is bounded. 
Now V t € [0, 1], 


P(u)(t = A fo (t — s) gls, uS), D$, u(s))ds + Ad — Duu) + A5 p 
— age I(t — 5). G(s, u(s), D$, u(s))ds 


By (B4) and (B3) for any t € [0, 1]; 





IPO] & —— fo (t s)" ds +k. += |p| + 


s)'ds 
r(y) ) 


we mE k (t - 


TH +k, += = |p| 





= r(y+1) T + E 


Hence the set ® is bounded. Therefore P has a fixed point which is a solution to 
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problem(2.1). The end of prove. 
At this point, we examine the solutions of (2.4) to ascertain its existence and uniqueness. 
Theorem 3.3 Suppose; 
(C1) A non-negative constant L exists and satisfies; 

Ig(t,u,, 74) — g(t, uz, V2)| € L(Ju, — u5| + |v, — v2|) for each t € J and all uj, v; € R. 
(C5) A constant L4 > 0 exists and satisfies condition; 


Iu(ug) — u(4)| < L a = Ha for any t E J and all ug, u4 € U 


(C3) If o = max((—5— t aT 


Then the BVP (2.4) has a unique solution. 


Y1 


2L +L, — 
ioc) ui o * p 


T(2-B) 





ae eda Tes: 


Proof: We convert BVP (2.4) to a problem with fixed point by considering the operator P : U  U defined by; 


P(u)(t) = mh (t — )""*g(s, uS), "D$ u(s))ds + (1 — Diu) + $U, 





fo (t = S^ gs u(s), D$, u(s))ds (2.10) 


Now we show that P has a fixed point and hence is a contraction. 


E 


Let u,,u, € U Vt € [0,T]; 
IPQ4)(t) - Pru) (0| < di (t — s)'7' |g(s, us (S), D$. u. (s)) — gs, uz (S), "D$. uz (S) |ds 
tags - 3*7 |gs, u (s), D$.u; (8) — & uz (s), (DB, uz (5) |ds 


+|u(u,) — u(u2)l| 





From (C1) and (C3); 
|gCt, us Ct), “D+ u (6) — g(t uz Ct), D3, uz ()| < L(Ius (s) — uz (s)| + [D8 +u (s) — «D. uz) 
< L(lļu; — ugll + | DS u; E eD, uzl) 


< 2L|[u, — u2ll4 (2.11) 


And, 
IQ )(t) — u(u2)(t)| < Lillu; (s) — u2(s)|l 

< Lillu, — u2ll1 (2.12) 
From (2.11) and (2.12), 


|P (u1) (t) — PQu;)(t)| < ——.2L|[u; — uz|l + .2L|[u4 — ull, + L4 llu; — ull 


ry er 


< [C 


VET +1) 


TY 


TEN +21 + L]llu; — ull 


Again from eu 
(Pu)'(t) = 
Then; 

I(Pu,)'( — (Ou;) (0| S 





f; (t — s)’~*g(s, u(s), “Dê, u(s))ds -iu(u) +- IU- E (x — s)Y^!g(s, u(s), “Dê, u(s))ds 





E 1) 7 ) 





= ah (t s)'7?|gG u S), DB, u (9) — &(S, u2 S), D$, u2(s))|ds 





tTO ale — s)? |g(s, uy (S), D$. ui ()) — g(s, u2 (S), (DB, uz (s) [ds 


++ uu) — u(u2)l 
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From (2.11) and (2.12), 


wt 


|| (Pu) = (Puz)'|l < ro s — u5|l; + Lillu; — uzll; + —— 2Lllu; — uzlls 


ry Em 





Em t + L,]lu; — ually 











and 
[D8 (Pu) (0 — *D$, (Pu) (t)| < e 2 f(t — 5)-9I(Pu,) (t) — (Pu;) (t)lds 
T qy-1 
s (2-6) iet al +L illu, ni Uu |l; 
Therefore; 


IIP (u1) — P (u2)ll = max{||P (u) — P(u2)ll, || ED? P (u) Bi -D?P(u;)||) < q|[u; — uzll 
Therefore with ọ < 1, P is said to contract and hence uniquely satisfies the BVP (2.4). Thus, the end of proof.. 
Theorem 3.4. Suppose g: [0,t] Xx Rx R > Rand u: C([0, 1], R) o R are continuous functions and satisfy; 
(D) |g(t,u,v)| < k for any tEJYu,v ER. 
(Dz) |u(u)| < kı Vu € C([0, 1], R). 
where k and k; are positive constants, then BVP (2.4) has a solution. 
Proof: Similarly, we apply the Schaefer’s theorem of fixed points in proving our results. 


Step 1: We prove that P is continuous. Let the sequence u, exist in such a way that u, > u E U. For any t € [0, 1]; 


IP Un) -PWO s mh (t — s)" |gs, us (s), "D'u,(s)) — g(s,u(s), D°u(s))|ds + luQus) — u) 





Jy — s |gG, us (s), D unl) — g(s,u(s), "D?u(s))|ds 
From assumptions (D3) and (D3); 


|9(s, us S), “D°un(s)) — g(s, u(s), *D^u(s))| < 2kllun — ull; 


and 


faa 


luus) — u(u)] < kı llun — ullz 


Therefore; 


[PUn — PQD(D| S — — 
also, 


|-D*PQu,)(t) — DPP(U)(O)| s zs I(t 8)? IPQG) - Po) G)Ids 


zc 2kllun — ull; + ka lus — ull; + — 2kllun — ull; 


From the above, we conclude that P is continuous since the functions g and y are continuous which implies that 
IIP (un) — P(u)|| 0 and ||£D? P (un) (t) — *D?P(u) Ct) || ^ 0 as n approaches infinity. 


Step 2: P transforms bounded sets into another sets bounded in U. A non-negative constant r exists and satisfies ||P(u)|| < r. 
Hence, for t € [0, 1] we derive; 


By (D,) and (D); 


IPQi (0I s re (t — s) |gGs GS), *D^uCs))|ds + |mCw)| + [Url +725 fs G = 57 |g Cs, u(s), *D^uCs))|ds 


(t — s)Y1ds +k, + |U] +— f, (1 — s) !ds 


S od ry) s 


k 
cR lY 
S rent Pent. +k, + |U,| 


Therefore; 
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IPODI S ———k-k + [Up] =r 


re T 
Step 3: P maps any bounded sets into an equi-continuous sets in U. 


Let t1, t; € [0,1], t4 < tz. Then from (2.10) we have; 


IPU) (t) = PUNDI = zc s — 57 = (t — 7 g(s, uls), (D®u(s))| ds 


ro) 


+ [NE - 79 u G)D*ucs))| ds 7? |uad) 





+2) p, + 22 Fre — sy] 9(s, u(s), "D^u(s))|ds 
tz —s)'! — (t, — S) 1]ds 4 — t — s)r-ids + s 
Ev Mt 278) (tı — s7] T ( ) 
(t2—7t1) q Eet t1) y-1 
+ Gy) + E622 fr sytas 
Y Y | Y k y 4 (tar —) (t2— —) E 
S um [(t; — t)" € tz - t] +o (t2 — t)! + Sk IT [Us t LS — (ty tı) 


(2.13) 


As t4 > tz, the RHS of (2.13) tends to zero. Therefore P is completely continuous as a consequence of the above steps and 
the Arzela-Ascoli theorem. 


Step 4: Finally, we prove the set  — {u € E; u = APu for any A € (0, 1)} 
Let u € @, then 

u=AP(u) Yà E€ (0,1) and0 <t <t, 

P(u)(t) = zg sese (t — 5)! g(s,u(s), "D*u(s)) + A(1— Sulu) -7% 


From (D2) and (D3); 


uh (t — s)" g(s,u(s), "D^u(s))ds 


|P(u)(t)| € CN (t — s)" 1ds + k, + |U,| + 


k k 
mi coe + rae’ 


IPI < 


This shows that the set b is bounded and hence satisfies problem (2.10). 


— gy 
mhe s)' ids 


TY +k, + |U] 





ross 2k + key + [Wel 


IV. APPLICATION 
At this point, we apply our obtained results to some selected examples. 
Example 4.1 Consider the fractional boundary value problem; 
“Dapu(t) = t + 0.1tu(t) + (0.1t7)°Deeu(t); te(01] ye (1,2], 
ko -YXicut), fy u(tjdt = 1 
Where t; € (0,1), cj; i= 1,2,...,n — 1, nare non-negative constants with 
Lig) <5. Sety = 15 (n 2 2,8 = 05, u(u) = XI Gut); T = 1p = 1 and 
g(t, u(t), “DÊ u(t)) = t + 0.1tu(t) + (0.1t?)^D9?u(t). 
Let t € [0, 1] and uj, v; € R, where i = 1, 2. 
Then we have; 
[g(t,u,, uz) — g(t, v, V2)| = [0.1t (u1) — 0.1t(u2)| + 10.1¢* (v4) — 0.1t7(v2)| 


< 0.1(Ju, — u2| + |v, — v3 
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Hence, satisfies condition (A4) with L = 0.1. Also, 

Iu) — (2)] = IX ci (6) — Die ciu (t)l 
< Xi, cillu; — u2ll 

1 


Hence, (44) is satisfied with L4 = Yi, Ci < * 


Finally, we show that (A3) holds. 


1 








= Gt AL tusea rea. 1) + 0.5 = 0.771 < 1. 
and 
NE | cid idu et 2(0.1) + 0.5 = 0.954. 
r(2-6) [Get =) 1 ~ Fas) [Gast r(3. z] (0.1) 


(A3) is satisfied with ọ < 1. 
Hence, from theorem 3.1 we conclude that BVP (2.1) has a unique solution. 


Example 4.2 Consider the fractional boundary value problem; 


-1 

st 
cp1.5 a e2 u(t) 
Doru(t) =e? + 10ef(1--u(t)) T 





t epePu(t) 


10et 





u(0) = Xi-icu(t); u(1) =0 
Where t; E (0,1) cji = 1,2,...,n — 1,n are non-negative constants with 


fic; <=. From BVP (3.2), y= 15, 8-05, t=1, U,=0, 





-1 
=i e2 ‘u(t) ae 
g(t, u(t), Du) = e + Ta + Ga) Dor u(t). u(u) = Zhi culti); 
Let uj,v; € R,i = 1,2 and t € [0,1]. Then; 
eot -1/,¢2 
|g (t, u1, V1) — g(t, uz, V2)| = ~r uy (t) - £6 nes EIE nö- — r v(t) 
10e 10e 10e 





= = (lu — uz! + lv — v21) 
Hence, satisfies condition (C4) with L = = 
Also, 
IuQu) — uQ)| < Xiz cilu — v 


Now, we verify that (C3) is satisfied with t = 1. 














TY 1. 
Gast AL +L, = Gas 5) X 2(0.1) + 7 = 0.4675 < 1. 
and, 

ae di 2L+L i24 x 2(0.1) +4] = 0.6123 <1 
r(2-B) Get xu) ilS T 5) ras ras rQ. x (0.1) z] 


which satisfies (C3) with ọ < 1 for any y € (1, 2]. Hence, we establish that BVP (2.4) has a unique solution. 


V. CONCLUSION boundary conditions or eigenvalue problems may be 


This article examines the existence and uniqueness of considered for further research works. 
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